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Introduction

T HE three-dimensional linear theory of elasticity is used to de-
lineate the effect of the thickness, stiffness, and mass density

of piezoelectric (PZT) layers on the ® rst ® ve natural frequenciesof
a simply supportedgraphite/epoxy laminated plate with PZT layers
embedded in it.

Platelike smart structures are usually made of PZT patches ei-
ther embedded in or bonded to the bounding surfaces of a plate. In
this Note, an attempt is made to ascertain changes in the natural
frequencies of the underlying plate due to the PZT patches.

Problem Formulation
Considera simply supportedgraphite/epoxy laminated platewith

PZT layers embedded in it. The plate is assumed to be made of a
homogeneous, orthotropic, linear elastic material and the PZT of a
homogeneous, transversely isotropic, linear piezoelectric material
poled in the thickness direction. Their constitutive relations are

¿ = Cs ¡ eT E (1)

D = es + ²E (2)

where ¿ is the stress tensor, s the in® nitesimal strain tensor, E the
electric ® eld vector, D the electric displacement vector, C = CT

the material elasticity tensor, e the piezoelectric constants, and ²
the dielectricpermittivity.Equation (1) with e = 0 gives the stress±
strain relation for each graphite/epoxy lamina.

Batra et al.1,2 and Batra and Liang3 have used the three-dimen-
sional linear elasticity theory to study vibrations of a rectangular,
simply supportedcomposite plate with PZT layers either embedded
in it or bondedto its upperand/or lower surfaces.The same approach
is followedhere.The PZT layers are assumed to be perfectlybonded
to the substrateandaremodeledas thin ® lms. The structureis excited
by applying a sinusoidal voltage to a PZT actuator.

Results
Results presented herein are for a 30 p 2 £ 30 £ 0.404 cm,

T 300/976 graphite/epoxy laminated plate. The mass density of the
graphite/epoxy plate equals 1600 kg/m3 , and values in MPa as-
signed to its nonzero elasticities with coordinate axes coincident
with the principal axes of the lamina are C11 = 152,350, C12 =
C13 = 391.8, C22 = C33 = 10,000, C23 = 306.75, C44 = 250.05,
and C55 = C66 = 709.95. The mass density of the PZT equals
7500 kg/m3; its nonvanishing dielectric constants in coulomb per
square meter, with x3 (thickness) being the poling direction, are
e31 = e32 = ¡ 2.1, e33 = 9.5, and e24 = e15 = 9.2; and its nonzero
elasticities in gigapascal areC11 = 148, C12 = 76.2, C13 = 74.2,
C33 = 131, and C66 = 35.9. In Eqs. (1) and (2), ¿ and s have been
regarded as six-dimensional vectors so that C is a 6 £ 6 symmet-
ric matrix. The plate is made of 10 graphite/epoxy lamina 0.4 mm
thick with ® ber orientations [0/ 90/ 0/ 90/ 0 deg]s and two PZT lay-
ers, each 0.02 mm thick, embedded in it. The PZT layers are located
between the second and the third substrate layers from the bottom
and between the second and the third substrate layers from the top.
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The nondimensional natural frequencies X mn of the plate are
related to its dimensional natural frequencies x mn by X mn =
x mn / ( p 2/`2) (D11/ 2q h)1/ 2, where 2h is the thickness of the plate,
` its length, and D11 the ¯ exural rigidity. For the graphite/epoxy
plate, the ® ve lowest nondimensionalnatural frequencies X 11 , X 21,
X 12, X 22, and X 31 according to the thin plate theory4 equal 2.002,
4.585, 6.408, 8.007, and 9.454, respectively.

Figures 1 and 2 depict, respectively, the dependence of the nat-
ural frequency of the composite plate with the PZT layers divided
by the corresponding frequency of the plate only on the variation
in the thickness and the mass density of the PZT layers. In each
case, the abscissa is nondimensionalizedby dividing the value of a
variable for the PZT layer by that for the plate. Because different
values are used to nondimensionalize each frequency, the curve
correspondingto the ® rst frequency is not below those for the other
frequencies. Each one of the ® ve frequencies decreases monotoni-
cally, though not at the same rate, with an increase in the thickness
of the PZT layer. For a given thickness of the PZT layer, the rel-
ative change in the ® fth lowest frequency is the highest, that in
the lowest fourth frequency is between those for the ® rst and third
frequencies, and that in the second frequency is between those for
the third and ® fth lowest frequencies. For results plotted in Fig. 2,
the thicknessof the PZT layerwas set equal to that of a lamina.Note
that, in the experimental setup of Moetakef et al.,5 the thickness of
the PZT patch equaled nearly one-half of that of the beam. The rel-
ative change in the lowest ® ve frequenciesdecreases monotonically

Fig. 1 Frequency of the plate with two PZT layers/frequency of the
plate without the PZT layers vs thickness of the PZT layer/thickness of
the lamina.

Fig. 2 Frequency of the plate with two PZT layers/frequency of the
plate without the PZT layers vs mass density of the PZT layer/mass
density of the laminate.
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Fig. 3 Frequency of the plate with two PZT layers/frequency of the
plate without the PZT layers vs C11 for the PZT layer/C11 for the 0-deg
lamina.

Fig. 4 Frequency of the plate with two PZT layers/frequency of the
plate without the PZT layers vs ®.

with an increasein the massdensityof thePZT layer.The ® ve curves
are nearly parallel to each other, signifying that the rate of change
of frequencywith respect to the mass density of the PZT layer is the
same for all ® ve frequencies.As for the variation in the thicknessof
the PZT layer, the curve for the fourth frequency lies between those
for the ® rst and the third ones and that for the third frequency lies
between those for the third and ® fth ones.

Because the substrate layer has been modeled as orthotropic and
the PZT layer as transversely isotropic, it is not clear how to vary
the stiffness of the PZT layer relative to that of the graphite/epoxy
substrate.In an attempt to decipherthe effectof the materialstiffness
only, the mass density and the thickness of the PZT layer are ® rst
set equal to that of the graphite/epoxy lamina, and only C11 for the
PZT layer is varied. Smart structure’s response is also affected by
values of other componentsof C for the PZT. As shown in Fig. 3, all
® ve lowest natural frequencies of the composite structure increase
monotonically with an increase in the value of C11 for the PZT. In
the second study of the effect of the PZT stiffness on the natural
frequencies of the plate, the thickness of the PZT layer is taken to
be equal to 1

10
th of the thicknessof the substratelayer,which is more

likely to occur in a physical situation,mass density of the PZT layer
equal to 7500 kg/m3 , CPZT = a Csubstrate , and a is varied. Of course,
it may be dif® cult to manufacture a PZT with such mechanical
properties. Figure 4 illustrates the effect of such a change in the
elastic moduli of the PZT on the ® ve lowest natural frequencies of
the composite plate.A sevenfold increasein the stiffnessof the PZT
increases the ® rst ® ve natural frequenciesby at most 10%.

Conclusions
For the simply supported composite plate studied herein, it is

found that an increase in the thickness of the PZT layer or its mass
density monotonically decreases each one of the ® ve lowest fre-
quencies and an increase in the stiffness of the PZT layer relative to
that of the lamina increases these frequencies.However, the relative
change in these frequencies is not necessarily the same.
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I. Introduction

T HE buckling and postbucklinganalyses of laminated compos-
ites with multiple delaminations are important because a low-

speed impact generates multiple delaminations through the lami-
nates. However, an analytical solution approach is only possible
for simple delamination zone geometry and boundary conditions
because the buckling and postbucklingproblems are complicated.1

Therefore, the ® nite element method is preferable to analyze the
bucklingbehaviorof multiply delaminatedcomposites for arbitrary
layup con® gurations, boundary conditions, loading conditions, and
delaminated zone shapes.

Lee et al. analyzed the bifurcation buckling2 and postbuckling
behavior3 of a laminated composite beam with layerwise ® nite el-
ements proposed by Reddy.4 However, for multiple-delaminated
composites with layer-dependent ® nite elements, a large number of
degreesof freedom(DOF) is required throughthe thicknessbecause
of the geometric complexity of the delaminated zones. Thus, much
computer memory and computing time are required. Furthermore,
the stability analysis of laminated structures is a nonlinear problem
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